DEFINITIONS OF THE TERM “MATHEMATICS.” 


By DR. G. A. MILLER, University of Illinois. 


As science advances many laws are found to be less simple than they 
were at first supposed to be and many terms acquire a breadth of meaning 
far beyond that assigned to them when they were first employed. In an 
age of such great scientific activity as the present, it might appear especially 
futile to try to define terms covering great fields of scientific inquiry, in 
view of the fact that each important new development tends to throw new 
light on the term under which it is classed. Moreover, as these develop- 
ments proceed, the sciences tend more and more to grow into each other, 
and this complicates very seriously the formulating of satisfactory defini- 
tions. Broad definitions are not apt to meet with much opposition unless 
they encroach on the territory claimed by other terms by right of first ex- 
ploration. As illustrative of this thought we need only point to the vague 
notions as regards the boundaries between arithmetic, algebra, and 
geometry. 

Notwithstanding these serious difficulties, definitions of general terms 
frequently furnish most inspiring view-points of broad domains. Such a 
term as ‘‘Mathematics,’’ for instance, is continually becoming more replete 
with meaning for the growing mathematician, and, if he meets a definition 
which is just suited to his advancement, it tends not only to give him new 
pleasure but also to emphasize elements which had not been distinguished 
with sufficient clearness. Even if such a definition should not involve any 
element of novelty, it may give us pleasure by supporting a view which has 
been entertained by us for a long time. Probably few young mathemati- 
cians have read or re-read the remarks by Professor Bécher on ‘‘Old and 
New Definitions of Mathematics,’’* without arriving at a clearer conception 
of some broad principle relating to mathematical thought. 

The main object of the present note is a brief consideration of the 
statement: Mathematics is the science of saving thought:+ In the first place, 
we may compare the scope of this statement with the well known definition 
which Benjamin Peirce gave in his Linear Associative Algebra (1870), viz.: 
Mathematics is the science which draws necessary conclusions. - If, by saving 
thought, we mean the most economical use of thought these two definitions 
appear to have practically the same scope. For if we can draw a necessary 
conclusion in regard to a subject this conclusion may be drawn once for all 
by the same individual, and thereafter when circumstances arise which ful- 
fil the conditions leading to the first conclusion the same result may be as- 
sumed without going through the various steps of reasoning. On the other 
hand, if we arrive at a definite conclusion without expending thought on all 


*Bulletin of the American Mathematical Society, Vol. 11 (1904), p. 115. 
+Popular Science Monthly, Vol. 73 (1908), p. 321. 
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its details, it is essential that some of the intermediate steps were omitted 
in view of the fact that they could be reached by drawing necessary 
conclusions. 

Having observed that the definitions of the preceding paragraph have 
practically the same scope, the question arises whether this scope is not too 
comprehensive. It is easily seen that it includes developments which are 
not generally ‘classed with Mathematics. It has been claimed that such de- _ 
velopments are the result of the tendency of sciences to grow into each 
other and to encroach on domains which are not strictly their own. As is 
well known, some of the sciences which started out as non-mathematical, in 
their later developments availed themselves of mathematical results with 
great profit. A very striking instance is furnished by the ‘‘Phase Rule’’ of 
Professor Gibbs, which now occupies such a fundamental position in Physi- 
cal Chemistry. Fairness, however, demands that the mathematician should 
not lay claim to territory first explored by other sciences even if it joins do- 
mains universally acceded to him and could have been properly claimed if 
the mathematician had been first to occupy it, or if the exploration had been 
accomplished by mathematical means. 

In view of these facts it might be best to regard the so-called defini- 
tions under consideration as incomplete definitions, expressing concepts 
which dominate mathematical thought more completely than that of the 
other sciences. In his address before the recent International Mathematical 
Congress held at Rome, Poincaré developed the thought that the role of sci- 
ence is to produce economy of thought, which he attributed to Mach. He said 
that the savage calculates with his fingers or with little pebbles. In teach- 
ing children the multiplication table we save them innumerable manipula- 
tions with pebbles. In olden times someone recognized, with pebbles or 
otherwise, that 6 times 7 is 42 and he had the idea to note the result, and on 
this account we do not have to begin over again. This one did not lose his 
time even if he calculated only for pleasure; his operation took him only two 
minutes, while it would have required two billion minutes if a billion men 
would have been compelled to begin where he began. The importance of a 
fact is therefore measured by the quantity of thought which it enables us to 
economize. * 

We desire to consider briefly another expression, viz., Mathematics is 
a tool. There is evidently some truth in this. A tool enables us to use 
physical energy more effectively just as Mathematics enables. us to use 
thought with greater efficiency. On the other hand a tool is a simple instru- 
ment while Mathematics is very complex: It would be better to say that 
Mathematics consists of ten thousand tools, but this would not convey a 
complete idea, for Mathematics does not only develop a large number of 
simple tools but it especially emphasizes the putting together of these tools 
into powerful thought machines. The training in the construction of such 


“Bulletin des Sci Mathematiques, Vol. 32 (1908), p. 171. 
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machines is one of the greatest importance to those who expect to employ 
Mathematics intelligently in Physics or Engineering. If we are not mis- 
taken Professor Slichter had practically the same thought in mind when he 
said: ‘‘It grates on me to hear Mathematics spoken of as a tool. Mathe- 
matics is to the engineer a basal science and not a tool. The spirit of that 
science is of more value to the engineer than the particular things that can 
be accomplished. The engineer need not be a mathematician, ‘but he needs 
to think mathematically, and, to my mind, he needs the power of mathe- 
matical thought more than skill in manipulating a few mathematical tools 
in a mechanical fashion" 

*Science, Vol. 28 (1908), p. 268. 


ON THE REPRESENTATION OF THE TRIGONOMETRIC FUNCTIONS 
BY LINES. 


By R. D. CARMICHAEL, Alabama Presbyterian College. 


The representation of the trigonometric functions dealt with in this 
note is in some respects different from that usually employed; it has certain 
advantages which appear to make it superior to other methods of effecting 
this representation. 

Let the circle whose center is O (see figure) 
have the radius unity; and let O be the origin of the 
rectangular axes XX’ and YY’. Let theangle MOT 
=a be formed by the radius revolving counter-clock- 
wise from OX to any position OT. Draw TP and 
TQ perpendicular, respectively, toOX and OY. At 
T draw a tangent to the circle cutting the X-axis in 
M and the Y-axis in N. Then in whatever quadrant 
OT may lie we have 


sinx=OQ, sece=OM, tanx=—TM, 
coste=OP, cscex=ON, cotx=TN. 


The tangent and the cotangent are measured from the point of tan- 
gency; the other functions from the center of the circle. Thus, all functions 
are measured from an extremity of the revolving radius. 

It should be noticed that in any quadrant the tangent is that portion 
of the tangent line intercepted between the point of tangency and the 
X-axis, while the cotangent is intercepted between the point of tangency 
and the Y-axis. This is the conception of Analytics. The secant and the 
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cosine are measured along the X-axis, while the sine and the cosecant are 
measured along the Y-axis. The following facts are evident from an inspec- 
tion of the figure for an angle in each quadrant: 

The algebraic signs of the sine, cosine, secant, and cosecant are deter- 
mined by the direction in which each is measured from O in accordance with 
the usual convention of Analytics. The algebraic sign of the tangent is plus 
when the tangent is measured to the right of OT (as one looks from O) ; minus, 
when measured to the left. The tangent and cotangent have always the same 


Any two functions of an angle measured along the same line have unity 
for their product. 

It seems to me that this representation of the functions will make it 
easier for the student to fix the algebraic sign of any function in any quad- 
rant, and also to remember the group of products each equal to unity. 

The method also lends itself very readily to approximate measure- 
ments of the functions for rough work. For this purpose the pupil will re- 
quire a circular protractor and a “‘square’’ graduated to tenths of the unit 
on the inner edges of the angle. This square should have for unit the radius 
of the protractor. Tangents and cotangents may be read (accurately to 
tenths, estimated to hundredths) by laying one inner edge of the square 
along the radius OT which cuts off on the protractor the required angle, and 
then reading TM or TN according as tangent or cotangent is desired. The 
sine and the cosine may be read by putting the vertex of the square as at P 
and reading PO and PT. (It is in measuring tangents and cotangents, of 
course, that this method has the advantage over the ordinary methods. ) 


NOTE ON AN APPROXIMATION IN TRIGONOMETRY. 


By G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


The question as to whether it is possible to find the angles of a tri- 
angle in terms of the sides approximately correct, without the use of tables, 
is one which is often asked by persons who do not know how to use tables 
and yet find it necessary to use the approximate values of the angles. They 
understand mensuration and naturally wonder why there is not a formula 
for this purpose given. 

The following simple deductions lead readily to such a formula. 

Let A be the smallest angle of a triangle. Let the sides be denoted 
by a, b, c, and the area by 4. Also let 2s=a+b-+e. 


__ 4be+b? —a? 
Then, sinA= cosA=— , 2+cosA= he 
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the Hence, 
2A sind A-—jA° 


2s (s—a)+be 2+cosA 3--3A”’ 
omitting higher powers, or 5s —a) the linear measure, 
circular measure. 


1080 A 844A 


That is, A=755(s—a) 2s (@—a) +e" 


As a special case, let a=20, b=51, c=—65. Then A=408, s=68, s—a 
=48, be=3315. Hence, 15’ 3”. 
Similarly, B=5, (s—b) Lag =88.857 =38 51’ 25”. 
The values by the tables are: A=14° 15’, B=88° 52’ 48”. 
If we have a right triangle, then a?+b?=c?, and 


172ab 172ab _172a 
(6? +2be+c?—a®) tbe b*-+2be 


This value for the lesser angle of a right triangle, I am informed, is 
found in some work, but I cannot learn where or how it is deduced. I will 
greatly appreciate this information from some reader of the MONTHLY. 

As an application of this formula, let a=4476, b=7332.8, c—8590. 
Then A= 81.407 24’ 25”. The value by the tables is A=81° 
24’. The smaller the angle the less the error. Hence it is always best to 
find the small angle by this formula. 
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DEPARTMENTS. 4 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


298. Proposed by W. J. GREENSTREET, Marling School, Stroud, England. 


Find an approximation to the difference between the sums of n har- 
— and n arithmetic means between a and b, when ais very nearly equal 
to 0. 


Solution by A. H. HOLMES, Brunswick, Me., and J. SCHEFFER, A. M., Hagerstown, Md. 
n arithmetic means between a and 6 would be: 


an+b a(n—1)+2b a(n—2)+3b 
at+1 ’ 


a+ nb 
mt+1 nt+1° 


Putting S, for the sum of these terms, we find S = etbn 


n harmonic means between a and b would be: 


ab(n+1) ab(n+1) ab(n+1) 
a(n+1)+(b—a)’ a (n+1)+2(b—a)’ (n-+1)+n(b-a)’ 


Putting S, for the sum of these n terms we find, disregarding powers of 
(b—a) above the third since a nearly equals b, 


_b—a, (2n+1) (b-a)* _n(b—a)# 


_b-—a (2nt+1) (6-a)*  n(b—a)? 


fan, _ b(2n+1) (b-a)*_ mb (6-a)" 
2 ) 6a?(n+1)  4a® | 


b)?, nearly. 


Also solved by G. B. M. Zerr, T. I. Wodo, and H. V. Spunar. 


e 
4 
| 


203 


299. Proposed by C. N. SCHMALL, 89 Columbia Street, New York City. 


The sides of a triangle and the area are in arithmetical progression. 
Find their values, and show there is only one solution in rational integers. 


Solution by THEODORE L. DeLAND, Treasury Department, Washington, D. C. 


To avoid fractions, take the sides and area to be, in order, 2x, 2~+2y, 
2x+4y, and 2x+6y; then 3(a+y) =the half sum of the sides, from which we 
have 


[3(a+y) (w+ 3y) (w+y) (a—y)]! + by... (1). 


Throw off the radical and divide each side of equation (1) by 
(a+8y) (x+y)* and we have after reduction 


3(a—y) /(a+8y)=4/ (a+y)? =m’... (2). 


The least value of m for positive integral results=1. Therefore 
=2-y, and the sides and area in order are, 4—2y, 4, 4+2y, and 4+4y. 
The least value of y for positive integral results=4. Therefore, the 
sides and area are in order 3, 4, 5, and 6. 
The triangle is a right triangle; and there are an indefinite number of 
similar triangles; integral or fractional multiples; but there is but one solution. 


Also solved by George W. Hartwell, T. I. Wodo, G. B. M. Zerr, M. V. Spunar, A. H. Holmes, J. Scheffer, and 
J. M. Arnold. 


172. Proposed by DR. L. E. DICKSON, The University of Chicago. 
Without solving the algebraically solvable quintic, y® +py?+ip?yt+r 
=0, prove that it is irreducible in the.domain of rationality (p, 7). 
Solution by H. S. VANDIVER, Bala, Pa. 
Put the function in the form 


+5py? +p? y+5r. 


If the original function is reducible in domain (p, 7) this function is also. 
The assumption that it is reducible in domain (p, 7) is equivalent to the as- 
sumption that it can be expressed as the product of two factors: 


+ 3 +... 


where the «’s and ’s are rational functions in p and r._ By Theorem VI, 
page 79, Vol. I, of Weber’s Algebra, French edition, they may also be con- 
sidered integral. The form of the factors shows that the function remains 
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reducible for all finite values of p andr. Let p=5,.r=5. Then, ignoring 
constant factor 5, y°+5y*+-5y+5 is reducible. But this is irreducible by the 
well known theorem of Eisenstein (Weber, 1. ¢., p. 702). 

The irreducibility may also be proved by setting p=0, r=2, whence 
the function y>+2, which is irreducible by the theorem in Dickson’s Theory 
of Algebraic Equations, p. 77, §90. 


GEOMETRY. 


332. Proposed by DAVID F. KELLEY, New York, N. Y. 


To find the area of a parabolic sector, by.a hitherto unpublished 
method. 


Solution by the PROPOSER. 


Let a secant meet a parabola in the points Pand Q. Join the points 
P and Q to F which is the focus of the parabola. Let fall perpendiculars 
from P and Q on the directrix, BC, meeting it in the points P’ and Q’, re- 
spectively. Let R be any other point on the 
curve between PandQ. Join P and R, and let 
fall RR’ perpendicular to directrix BC, and meet- 
ing it in the point R’. Bisect P’R’ in M, and join 
M and R, and M and P. By a well known 
geometrical theorem, area of A PMR quadri- 
lateral PP’R'R. Let R' move indefinitely near 
to P’, then, in the limit, MR=R'R=FR, and 
NP=P’P=FP. Therefore, in the limit, 4 PRF=4PMR=% quadrilateral 
PP'R'R. Hence, it readily follows that space FPRAQ=4 space PRAQQ'P’.. 
Hence, if O=space PRAQQ’P’, and I=space PRAQ, and A’'=area 4 FPQ, 
and k=area of quadrilateral PQQ’P’, we have the following two equations 
connecting O and I: 


A'+I=$0, O+1=k. 


In particular, when PQ is perpendicular to AB, if x and y be coordinates of 
P, we have (a—x)y+J=30. I+O=2(a+2)y, and solving for I we get I= 
A4cy/3. 

Again, since, in the limit, AF PR=A MPR, it follows that if perpen- 
diculars be let fall from P’ and F' on the tangent to the parabola at P, then 
these perpendiculars are equal, and hence it is readily seen since FP=PP'’ 
that the line joining F' and P’ is bisected by the tangent at P, and is at right 
angles to it. 


Also solved by G. B. M. Zerr, and H. V. Spunar. 
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333. Proposed by J. B. MORRELL, Boulder, Colorado. 


Exhibit the fallacious argument to prove that a right-angle is equal to 
an angle which is less than a right-angle. 


Solution by the PROPOSER. 


Let ABCD be a rectangle. From A draw a line AE inside the rec- 
tangle equal to AB or DC and making an acute angle with AB as indicated 
in the diagram. 

Bisect AD in H and through H draw HO at 
right angles to DA. Bisect CE in K and through 
K draw KO at right angles to CE. Since CB and 
CE are not parallel the lines HO and KO will meet 
(say) at O. Join OA, OE, OC, and OD. 

Now OA=OD and therefore angle ODA 
equals angle OAD. OC equals OE, and by con- 
struction AE equals CD, therefore triangle COD 
equals triangle EOA and the homologous angles 
ODC and OAE are equal. 

Now we have ODC equal to OAE, ODA equal to OAD, therefore 
ODC+QDA equals OAE+OAD, or CDA is equalto HAD. But CDAisa 
right angle and EAD is less than a right angle, therefore the result is 
impossible. 

334. Proposed by J. O. MAHONEY, B. E., M. Se., Central High School, Dallas, Texas. 


Through any point P in the plane of the triangle ABC, draw a line 
that shall divide the perimeter of the triangle into two equal parts. 


Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


This problem reduces to the following: Through a given point in the 
plane of a given angle to draw a straight line which cuts off from the sides 
of the angle two intercepts the sum of which is equal to a given line, viz., 
the half-sum of the three sides of the triangle. 

Let AX and AY be the sides of the angle; P be the given point. Draw 
PD=n, parallel to AY, and put AD=m. Denote the semi-perimeter of the 
triangle by s. Let MPN be the required line, Ma point in AY and N ina 
point AX. Then AM: n=AN: AN-m, and AM+AN=s._ From these 
two relations we find the quadratic 


AN? —(s—n+m)AN=~ms, 


which admits of an easy geometric construction. Since this'equation fur- 
nishes two values, and the three angles of a triangle admit of three combin- 
ations of two at a time, there are really six solutions of the problem. 

Also calved by G. B. M. Zerr, H. V. Spunar, and C. N. Schmall. 
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CALCULUS. 


261. Proposed by S. A. COREY, Hiteman, Iowa. 


Prove that od , where ac>b’. 


1 
~ [8ac(V/act+b)] 2a 


Solution by V. M. SPUNAR, M. and E. E., East Pittsburg, Pa. 


As ac>bd’, +a" (V/a--2ke +2" ye), wicre 
k= V (ac)—b 


(w+2k) dx 1 (°  (e—2k)da 

=| 1 lo Vat2 tan 


where h=2v (ac) +8, Be 


Also solved by G. B. M. Zerr. 


262. Proposed by H. SCHAFFER, Fayetteville, Ark. 


Prove that the circle is the only plane curve of constant curvature. 


Solution by C. N. SCHMALL, New York City. 


The expression for the curvature of a plane curve, F(x, y)=0, is 


ap 2 
¢, say... (1) 
| 
2 
Put ay , and (1) becomes =e, whence 
2 

dz = , and, therefore, ite)! 


i 
‘ 
| 


equation of a circle. 
Also solved by G. B. M, Zerr, and V. M. Spunar. 


ERRATUM. In problem 264, Calculus, the prop evidently meant 


(Sr) instead of 


MECHANICS. 


215. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


Determine the curve in a vertical plane along a chord of which a par- 
ticle will slide under the force of gravity and the retardation of friction so 
that it will traverse the whole length of the chord in a time t which is inde- 


pendent of its direction as long as the upper end of the chord remains fixed. 
Discuss the result. 


Solution by J. SCHEFFER, A. M., Kee Mar College, Hagerstown, Md. 


Take the fixed end of the chord for the origin of the axes, that of x 
being horizontal, and that of y vertical. Let s denote the length of any 
chord drawn from the fixed point, and denote by ? the angle it makes with 
the horizon. — _ denoting the coefficient of friction by +, we have 


s=g(sin 6—» cos 0) ~ —-, t being the time. If now, tis to be independent of ?, 


must be a constant, say=a. 
V (a*+y?) 


8 
sin eos 


y =a, or, a circle, the 
V (a? +y*) Vv (a +y*) 
coordinates of the center of which are —a and 34a, and radius 


= (1+#"). 


Also solved by G. B. M. Zerr. 


215. Proposed by HENRY WRITT, Genoa Junction, Wisconsin. 


Suppose two centers of attractive forces A and B having a ratio 
1 : 330,000, and influence reducing as the second power of the distance, 7. e., 


4 
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R-2, Then there is a point, P, on the line joining A and B, where 
ap ee or 1 : 575, nearly. At this point the attractions are equal 
but opposite in direction along AB. It is proposed to find the surface 
through the point P which is the locus of the direction of the resultant of 
the two forces directed towards A and B, i. e., the locus of the diagonals of 
the minimum parallelogram of forces. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


We are to find a surface such that every point on this surface is 
equally attracted by both centers of force. 
Let A be the origin; (x, y, z) the coordinates of any point on the sur- 
face sought; AB=a. 
Then 1 = 330000 
erty? +z2 (a—x)*+y?+2* 
329999 (x* +z?) =a? —2ax is the required surface. 


1000/33 _. a 
This is a sphere radius “399999 ° with center distant 399999 from A. 


When y=2—0, 700,738 329999 


.. P divides a in the ratio 1 : 575, nearly. 


217. Proposed by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Given, the mean distance from earth to sun, 1.49x10'* centimeters; 
radius of the earth, 6.37 <10* centimeters; velocity of the earth in its orbit, 
2.96 X10° centimeters per second; velocity of rotation of a point on the equa- 
tor, 4.63 x10* centimeters per second; mass of the earth, 6.1410°? grams; 
find (1) the total energy of the earth in ergs; (2) the angular velocity of 
the earth on its axis; and (3) the angular velocity of the earth around the sun. 


Solution by the PROPOSER. 


Let m=earth’s mass, v=its velocity of rotation, V=its velocity of 
translation. 
(1) Energy of translation=smV*. Energy of rotation=3] 


2 2 
Total energy=m (1 + =6.1410*7 (4.3808 x 10'*® + 4.2874 108) 
==269<10** dynes. 
(2) rv=v, or 9757408 0000727. 


2.96 x 10° 2 


1.49X10° 10° ==.000000002. 


(3) RU=V, or U=V/R= 
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NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


— 


151. Proposed by E. B. ESCOTT, Ann Arbor, Mich. 


In the recurring series u)=3, u,=0, u2=2, ..., where the scale of re- 
lation is Un+s—=%m+itUn, prove that wu, is always divisible by p when p is 
prime. Is the converse true? 


Solution by DR. L. E. DICKSON, The Uni ity of Chi 
In this problem, we have wi==S; for every k, where S: denotes the sum 


of the kth powers of the roots of «*—x—1=0. By the formula of Girard 
(often attributed to Waring), 


(1) Sat (m+l—1)! (summed for all integers = °) 


m! I! for which 2m+3l—n. 
Hence, for n a prime number, un=S, is divisible by n. 

The problem admits of a wide generalization. Given any integers m, 
P15 +++) Pm, With m positive, the recursion formula 


(2) t+ Petetm—2 + 


has the solution* zy= 3 Cai, in which the C’s are arbitrary, while ay, ..., 


Qm are the roots of 


(3) + pm=0. 


The C; may be expressed in terms of 2, Z,, ..., 2m—1, and conversely. For 
suitably chosen (integral) values of the latter, we may make C,=1, ..., 
Cn=1.' Hence when relation (2) is arbitrarily assigned, we may construct 
an infinite series of integers zy, z,, ..., for which the recursion formula is 
(2) and such that 


(4) zi=S,=sum of kth powers of roots of (3). 
Then z, is given by Girard’s formula 


S,=p 


A 
Pm 


summed for all integers 4; 7 0 for which 2,+24.+...+m4n=p. Hence, for 
pi=0, and p a prime, zp is divisible by p. 


The only solution of the a’s are distinct (Hncyclopaedie Math tik, Vol. 1, p. 984). 
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AVERAGE AND PROBABILITY. 


— 


195. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue Philadelphia, Pa. 


A random diameter is drawn in a given circle. Find the chance that 
it intersects, (1) a random chord; (2) a random chord through a random point; 
and (3) a chord through two random points. 


Solution by the PROPOSER. 


Let O be the center of the given circle, AB the random chord, M the 
one random point, and N the second random point. 

Let OA=r, AM=x, 2 AOH=9@. For the second point, let MN=y 
and let angle AB makes with some fixed line 

Then AH=rsin 9; an element of the circle at M is rsin 6d? dz; at n, 
dvydy. The limits of ¢ are 0 and 47; of x, 0 and 2rsin (=~’; of y, 0 and x 
and doubled. Then the required chance is 


40d0 
(1) p= d 0=$, 
0 
4r sin 0d 6 dx 
(2) p= 9d? dx 


f f 27rsin?d? dx 
0 0 


Sf" osineed 


4r sin 0d 6dx du ydy 


= ALS oysin od ode 


= 


(3) p= 


0 


If a random chord is drawn instead of a random diameter, we let 
ZCOK=¢, ZAOC=¢. The limits of ¢ are 0 and ? and doubled; of ¢, 0 and 
2¢ and doubled. 


\ 
2 
— 
\ 


16 8 
6=% (same as 191). 


SP rsinodoa das dx 
@) p= 


2 


SOS; SOS dod bade dy 


(3) p= 


11 


This exhibits the reason for the 4 given by some contributors to 191 instead 
of the correct value 4. 
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MISCELLANEOUS. 


173. Proposed by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


If n is odd, prove the following: +1=[(-1)'’+(¢-1)-9”][(-1)* 
+(—1)-@™] [(—1)8™+ [(—1) (—1) 2} 
+ /n(—1)-D4= [(—1) [- (-1)-@”] 
(—1)-° | [(—1) (n-1)/2n — (-—1) | 


Solution by the PROPOSER. 


Delete the factor (—1)‘"—?4 from the first member of the second ex- 
pression. To resolve into factors the expression x”—1=0. When n is odd, 


x” ==1=cos2m + isin2m 
since cos2m sin2m (—1)—"]. 


Giving m the values 0, 1, 2, 3, etc., 
x=(-—1)*°, (-—1)#@™, (—1)*#¢™, 


The roots are 1, (—1)*@”, (—1)*@®), ..., (—1)*@-, and the fac- 
tors are (x—1), [e—(-1)**] 

41], ..., (-1)- 44], 

If 

(—1)2"+ (—1)-@”] [2+ (—1)4" + (-1)- 4], 
[2+ 
=[(—1) 
[(—1) 20+ (—1)— 

( _ [(—1) (n—1) +2n (—1)—@—D +2] 

If x=1, (a@"—1) =a" + 

[(—1) +20] 2, 

(—1)-@]... [( —1) (n—1)+2n__ ( -1)- (m—1)+2n}] | 


175. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 


If x and z are connected by the relation z=2f(x) +a¢(z), find the value 
of f(z) in the form of a power series in x with constant coefficients. In par- 
ticular, give such a value of z when z=zsin «+2 cosz. 


a 
ft 
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Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Write the expression in the form [1—f(x) ]a—=¢(z)z—. 
1—sinx cosz 


Expand both sides and find z by reversion of series era 
az+ at =1, where -] 


_ By reversion of series, 


x dd 


(1—sinx) 2 (1—sinz)? 24 (1—sinx)* 2(1—sinz)*?* 
= aba? + — — — — 
Il. Solution by V. M. SPUNAR, East Pittsburg, Pa. 


=2f(x) +a ¢(z) transformed gives f(z) =¢(z)/z=a [1 —f(x) 
Expanding f(x) by means of McLaurin’s Theorem, 


=f0) + BF O+5; +.. +2 70). 


In particular, z=zsinx +xcosz; f(z) Since 


1 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


306. Proposed by J. C. CORBIN, Pine Bluff, Ark. 
Muir gives the following problem: 


1 ab 
Prove:|1 © | —(a—b)|1 ed’ etd | 


which, of course, can be solved by finding the terms of both determinants. 
Is there any method of changing from one form to the other which is direct? 


307. Proposed by J. SCHEFFER, Hagerstown, Md. 


If y’=2 and x’=8, find x and y. 


GEOMETRY. 


339. Proposed by G. E. BROCKWAY, Boston, Mass. 
Of all triangles that can be inscribed in a given triangle, that formed 
by joining the feet of the altitudes has the minimum perimeter. Prove by 
means of the straight line and circle. 


340. Proposed by J. H. MEYERS, S. J., Sacred Heart College, Augusta, Ga. 

Given trapezoid ABCD. Prolong AB and CD, the non-parallel sides, 
to meetin E. On AE as diameter construct semi-circle ALGH. With BE 
as radius construct are BG. Draw GH perpendicular to AE. Bisect AH at 
K. Erect KL perpendicular to AE. Construct are LM with LE as radius. 
Draw MN perpendicular to DC. Prove that MN bisects the trapezoid 
ABCD, angles ADC and BCD being right angles. 


CALCULUS. 


265. Proposed by V. M. SPUNAR, M. and E. E., East Pittsburg, Pa. 
Find two curves which possess the property that the tangents TP and 
TQ to the inner one always make equal angles with the tangent TT" to the 
outer. 
266. Proposed by C. N. SCHMALL, New York City. x 
Show that the nth derivative of.the fraction u/v can be expressed in 
the form of a determinant, u and v being functions of «. 


MECHANICS. 


221. Proposed by W. J. GREENSTREET, Stroud, England. 
Two smooth intersecting planes are each at 45° to the horizon. Be- 
tween them lies a cylinder of elliptic cross section. Find the position of 
equilibrium. 
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222. Proposed by W. J. GREENSTREET, Stroud, England. 


Find the maximum angle of inclination to the line of greatest slope of 
a uniform rod resting on a rough inclined plane and capable of turning free- 
ly round a point on it. 


BOOKS. 


_ Analytical Geometry for Colleges, Universities, and Technical Schools. 
By E. W. Nichols, Professor of Mathematics in the Virginia Military Insti- 
tute. Revised edition. 8vo. Cloth sides and leather back. xi+282 pp. 
Price, $1.25. Boston and Chicago: D. C. Heath & Co. 

Professor Nichols’ Analytical Geometry has enjoyed an extended popularity for some 
years. In the revision of the work, no important changes have been made but several 
minor changes have been made in order to bring the work in close relation with modern 
views. This edition is put in pocket form for greater convenience. B. F. F. 


Elements of Physics. By George A. Hoadley, C. E., Se. D., Professor 
of Physics in Swarthmore College. 8vo. Cloth, 464 pages. Price, $1.20. 
New York and Chicago: American Book Co. 

In this book, the fundamental facts of the subject are presented in logical order and 
in clear and simple language. Much attention is given to the application of the principles 
of Physics to every day experiences. The illustrations are good and the book, from the 
mechanical point of view, is neatly gotten up. B. F. F. 


An Elementary Treatise on the Differential Calculus Founded on the 
Method of Rates. By William Woolsey Johnson, Professor of Mathematics 
at the U.S. Naval Academy, Annapolis, Md. Abridged edition. Small 8vo. 
Cloth, x +191 pages; 52 figures. Price, $1.50. New York: John Wiley & 
Sons. 

This book is in great part an abridgment of the author’s larger treatise on the same 
subject. However, the earlier part is entirely revised and the simpler method than the 
functional method is used, in establishing the principal formulae of differentiation. Through- 
out the book graphical methods, notably in the case of trigonometric functions, are given 
preference. Illustrative examples occur in large numbers, and an extensive list of exam- 
ples with answers follow the several sections. The subject of the Differential Calculus is 
presented in the work in a very teachable form. b Bo P..F. 


Traité de Mathématiques Générales a l’Usage des Chemistes, Phys- 
iciens, Ingénieurs, et des Facultés des Sciences, avec Préface de G. Darboux, 
Secretaire perpetuel de L’Académie des Sciences. 8vo. Paper cover, x +440 
pages. Price, paper cover, 9 fr.; cloth cover 10.50 fr. Paris: A. Hermann 
& Fils. 

As its name indicates, the work is an elementary exposition of general mathematics. 
It is divided into four parts. The first part treats of Algebra; the second, Analytical Ge- 
ometry; the third, Analysis; and the fourth, Mechanics. The book is written in clear style 
and is free from the severer analysis of higher mathematics. It will prove to be of much 
value to the general student of mathematics as well as to the student of engineering. F. 
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Plane and Solid Geometry. By Elmer A. Lyman, Professor of Math- 
ematics in the Michigan State Normal College; Ypsilanti, Mich. 8vo. 
Cloth sides and leather back, 340 pages. Price, $1.75. New York and 


Chicago: American Book Co. . 
This book adds human interest to the study of Geometry by introducing now artd 
then a brief historical note. A portrait of Euclid is the frontispiece. B.P. 2; 


The Foundations of Mathematics. A contribution to the philosophy 
of Geometry. By Paul Carus. 8vo. Red cloth, gilt top, iv+141 pages. 
Price, 75 cents net. Chicago: The Open Court Publishing Co. 

This work is a very notable and valuable addition to the list of the Open Court Math- 
ematical publications. The author, who is not a mathematician, but a philosopher, has 
given a very clear exposition of a subject about which there is general misunderstanding 
and contention. Dr. Carus is a lucid writer, and his discussion of the ‘‘Parallel Theorem,”’ 
the ‘‘Fourth Dimension’”’ and other equally interesting subjects is put in such a non-techni- 
cal form as to be easily understood by the non-mathematical reader. In his Epilogue, Dr. 
Carus brings out strongly the analogy between mathematics and religion, the ultimate and 
unchangeable form of being and God. A very interesting and readable book for all classes 
of readers. B. 


Graded Exercises in Phonography. By William Lincoln Anderson. 
137 pages. Price 50 cents. Boston and Chicago: Ginn & Co. 

This is an exercise book containing the writing exercises of ‘‘American Phonogra- 
phy,’’ by William L. Anderson. 


Algebra for Secondary Schools. By Charles Davison, Se. D., Mathe- 
matical Master at King Edward’s High School, Birmingham, England. 8vo. 
Cloth, viii+623 pages. Cambridge: The University Press. New York: 
G. P. Putnam’s Sons. 

This book is well adapted for use in all secondary schools. Three chapters are de- 
voted to graphs. The problems are numerous and well selected. While the subjects dis- 
cussed are those commonly included in most text-books on this subject, a few, such as the 
remainder theorem and simpler partial fractions, are introduced at an earlier stage than 
usual. The book is well written and material well arranged. Bi FF, 


Elementary Algebra. By C. H. French, M. S., and G. Osborn, M. &., 
Mathematical Masters at the Leys School, Cambridge, formerly Scholars of 
Emanuel College, Cambridge. 8vo. Cloth, xii+506 pages. Cambridge: 
The University Press. New York: G. P. Putnam’s Sons. 

This is a revised and enlarged form of a text which the authors say has met with 
gratifying success. While some changes have been made in accordance with modern 
methods, the authors have carefully retained the main distinctive feature of the original 
work, viz., simplicity of style. The examples are largely original but a number have been 
taken from examination papers set at Cambridge and elsewhere. In this work as in the 
previous one, the answers are put at the end of the volume. B: Foe 
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ON THE FACTORIZATION OF LARGE NUMBERS. 


By PROFESSOR L. E. DICKSON, Ph. D., The University of Chicago. 


- 1. In the study of a difficult problem, it is a decided handicap to be 
denied the useful information that accompanies a knowledge of the origin of 
the proposed problem. There is little interest and much labor in the factor- 
ization of numbers taken at random. The real desideratum is a method 
which is capabie of making effective use of the information which can be 
derived from the origin of the proposed number, and of auxiliary tables at 
command. For example, we may be concerned with numbers of a given 
form such as m"+1, or with the eliminant* of a system of congruences un- 
der investigation. We shall here illustrate such a method by determining 
the composition, hitherto unknown, of two numbers each of eleven digits. 
The first of these is a, where 


A=zy(26'* +1) =937.6449.a, a=15207498827. 


The first two prime factors were obtained by Lt. Col. Cunningham by means 
of his tables of solutions of y”+1=0(mod. q), for n<16, g prime and <10*. 
2. Let p bea prime factor of a. Applying Fermat’s theorem, we have 


26°-1=1, 26°*°=1(mod. p), 


so that p—1 is an even multiple of 18. Thus p=1+26n. Now 


a=1+26N, N=584903801. 


Let a=pq. Then 1=q(mod. 26), gq=1+26n,. Then apg gives 


(1) N=n+n,+26nn,. 


“Instances of rapid factorizations of numbers known to be true eliminants occur in the writer’s paper, “On 
the last theorem of Fermat,” Quarterly Journal of Mathematics, Vol. 40 (1908), p. 40. 
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